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Experimental design for a pharmaceutical formulation:
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Abstract

In pharmaceutical industries, the formulator is usually faced with the optimisation of the excipient mixture
composition aimed to prepare a product with the required characteristics. Experimental research methodology
represents an efficient approach for solving such optimisation problems. Planning mixture experiments using specific
designs allows to analyse the blending properties of each mixture component and estimate an empirical model
approximating the response of interest as a function of excipient proportions. In this study the evolution of
theophylline solubility in a four-component system with constraints was analysed using two mixture design
approaches: a classical mixture component proportion approach and a mathematically independent variable ap-
proach. An optimal region characterised by high solubility values was found and further explored in order to verify
the insensitivity of theophylline solubility to slight variations of the excipient mixture composition. © 1998 Elsevier
Science B.V. All rights reserved.
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1. Introduction

A common problem in the preformulation of
pharmaceutical dosage forms is the optimisation of
the excipient mixture composition aimed to obtain
a product with the required characteristics. When

the target is toevaluateoneormoreblendproperties,
the experimenter can make use of a set of tools and
techniques known under the name of experimental
research methodology. In general, adopting such an
experimental approach means defining the problem
which one is going to cope with by determining the
objectives, the possible constraints on the compo-
nent proportions, and the response variables under
study. In thisway, theexperimental regionof interest
and the strategy to follow can be defined.

A classical mixture problem in pharmaceutical
technology is represented by cosolvent systems
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used to enhance the solubility of poorly water-sol-
uble drugs in liquid dosage forms. The optimisa-
tion of such cosolvent systems using mixture
experimental design has been studied for different
drugs by some authors. For instance, the extreme
vertices design was applied to the estimation of a
model for the butoconazole nitrate solubility in a
multicomponent system with upper and lower-
bound restrictions [1], whereas a Scheffé statistical
design was used for solubility prediction of di-
azepam and phenobarbital in three-component
mixtures [2].

More recently, the theophylline solubility in a
cosolvent system consisting of polyethylene glycol
400, water, propylene glycol, and ethanol has
been investigated [3]. A Scheffé polynomial was
obtained for the description and prediction of
theophylline solubility as a function of mixture
composition. On the basis of this experimental
study it was possible to point out a subregion
within the factor space where the observed values
of theophylline solubility were relatively high.

In the present paper this subregion was further
investigated in order to study in detail the con-
strained experimental region. For this purpose,
two strategies were used, namely a classical mix-
ture component proportion approach and a math-
ematically independent variable approach. A
maximal region was found and further explored in
order to verify the insensitivity of the theophylline
solubility to slight variations of the formulation.

2. Experimental

2.1. Materials

Theophylline (anhydrous) was supplied by
Prodotti Gianni (Italy). Ethanol, polyethylene gly-
col 400 (PEG-400) and propylene glycol
(A.C.E.F. S.p.a., Italy) and bidistilled water were
used as cosolvents.

2.2. Solubility determinations

The theophylline solubility in each cosolvent
mixture, prepared according to the experimental
design described further on, was determined fol-

lowing the method already reported in a previous
paper [3]. Saturated theophylline solutions were
prepared by adding an excess of the drug to 30 ml
of each cosolvent blend. The mixtures were
shaken for 24 h at 25°C and subsequently filtered
through a 0.8 mm membrane filter (Millipore).
The theophylline concentration in each mixture
was determined, after proper dilution, by spec-
trophotometric assay (Perkin-Elmer spectropho-
tometer—Model 552). The absorbance was read
at 271 nm versus the corresponding solvent mix-
ture blank and the drug concentration was esti-
mated from a calibration curve obtained from
solutions of theophylline in the same blend.

2.3. Mixture experimental design

In this study, mixture experimental design was
applied to the analysis of the evolution of
theophylline solubility in a four-component sys-
tem given by polyethylene glycol (x1), water (x2),
propylene glycol (x3), and ethanol (x4). In the
specific case, the experimental region of interest is
represented by a subregion inside the tetrahedron
(Fig. 1) according to the constraints on the com-
ponent proportions (Eq. (1)) determined on the
basis of the experimental results of a previous
study [3]

Fig. 1. The constrained experimental region in the four-com-
ponent system given by the restrictions on the component
proportions 05x150.2, 0.15x250.7, 0.15x350.45, and
0.205x450.5.
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Table 1
Design point coordinates in the constrained region inside the factor space given by the four blend components

x2 x3 x4 Type of boundaryDesign points x1

Vertex0.100 0.200" 0.7001 0
0.100 0.200" 2 0.200 0.500 Vertex

Vertex0.5000.100" 0.4003 0
0.100 0.500" 4 0.200 0.200 Vertex
0.450 0.200" 5 0 0.350 Vertex

0.2000.450 Vertex" 0.1506 0.200
0.450 0.450" 7 0 0.100 Vertex

Vertex0.5000.4000.1008 0
0.450 0.2509 0.200 0.100 Vertex
0.200 0.500" 10 0.200 0.100 Vertex

Edge centroid0.100 0.200" 0.60011 0.100
0.550 0.100 0.350 Edge centroid" 12 0

Edge centroid0.2000.275" 0.52513 0
0.100 0.350" 14 0.200 0.350 Edge centroid
0.275 0.200" 15 0.200 0.325 Edge centroid

Edge centroid0.100 0.5000.30016 0.100
0.500 Edge centroid" 17 0 0.250 0.250

Edge centroid0.5000.1500.15018 0.200
0.450 0.20019 0.100 0.250 Edge centroid
0.450 0.32520 0 0.225 Edge centroid

Edge centroid0.450 0.2250.12521 0.200
0.100 0.425 0.475 Edge centroid22 0

Edge centroid0.3500.4500.10023 0.100
0.300 0.500" 24 0.100 0.100 Edge centroid
0.325 0.375" 25 0.200 0.100 Edge centroid

0.3700.300 Face centroid" 0.33026 0
0.100 0.375 0.42527 Face centroid0.100

Face centroid0.3500.1000.45028 0.100
0.275 0.200" 29 0.100 0.425 Face centroid
0.260 0.33030 0.200 0.210 Face centroid

Face centroid0.450 0.275" 0.17531 0.100
0.200 0.200 0.50032 Face centroid0.100

0.280 0.35033 0.100 Overall centroid0.270

Symbols (") mark the design points selected by the exchange algorithm.

05x150.20
0.105x250.70
0.105x30.45
0.205x450.50.

(1)

As shown in Fig. 1, the constrained experimental
region is represented by an irregular polyhedron
with ten vertices, fifteen edges and seven faces.
The vertices of the polyhedron were computed
using the McLean and Anderson’s extreme ver-
tices algorithm [4].

In order to explore the restricted region, two
different strategies for mixture design were fol-

lowed and compared: the well-known component
proportion approach and the mathematically in-
dependent variable approach.

2.3.1. Component proportion approach
In general, once the experimental region of

interest is determined, in order to analyse the
evolution of the response variable, an experimen-
tal design for mixtures can be chosen, so that a
polynomial model can be fitted to the experimen-
tal data. In the mixture experiments, the empirical
model most commonly used to describe and
analyse the evolution of the variable response is
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the Scheffé canonical polynomial [4,5]. According
to the model order, the experimenter must adopt
a particular design. The number of trials to be
done depends in fact on the number of coefficients
to be estimated. Each Scheffé mixture model can
be normally associated to a Scheffé Simplex lat-
tice consisting of enough design points for the
model to be estimated and validated. Eq. (2)
reports the Scheffé quadratic polynomial for four
component {4, 2} chosen to analyse the evolution
of the solubility of the theophylline according to
the formulation

h=b1x1+b2x2+b3x3+b4x4+b12x1x2+b13x1x3

+b14x1x4+b24x2x4+b34x3x4 (2)

2.3.2. Mathematically independent 6ariable
approach

When dealing with mixture experiments, the
researcher can opt to work with a system consist-
ing of q-1 orthogonal variables w1, w2, ..., wq-1,
instead of the q mixture components x1, x2, ..., xq

dependent, for definition, one on each other. In
general, one of the reasons that may lead one to
consider a transformation of the variable system
under study is the familiarity with classical de-
signs for independent variables and, in particular,
with design optimality criteria [4].

In the (q-1)-dimensional system, the response
variation can be approximated by a classical poly-
nomial. For the four-component system under
study, the following second-order equation ex-
pressed in terms of orthogonal variables was used

h=b0+b1w1+b2w2+b3w3+b11w1
2+b22w2

2

+b33w3
2+b12w1w2+b13w1w3+b23w2w3; (3)

In this study, with the intent of testing the equiva-
lence of the two strategies for data treatment, the
models in Eqs. (2) and (3) were fitted to the
measured response values, and the corresponding
contour plots were compared.

Furthermore, the same variable transformation
allowed us to apply a classical Doehlert design to
the exploration of the maximal region found
within the polyhedron defined by the constraints
on mixture component proportions.

3. Results and discussion

3.1. Optimisation of the formulation

The mixture experimental design used to esti-
mate the coefficients in Eqs. (2) and (3) was made
up of 33 points listed in Table 1. Besides the
vertices computed using McLean and Anderson’s
algorithm, the centroids of the edges joining the
vertices, the bounding faces centroids, and the
overall centroid were included as additional de-
sign points. However, in order to reduce the num-
ber of trials, the Fedorov’s exchange algorithm
was run to generate a new design from the 33
lattice points. This algorithm is one of the itera-
tive methods more commonly used for the con-
struction of D-optimal experimental designs
meeting the X%X matrix determinant maximisation
criterion [4].

Fig. 2. The vertices and centroids of the constrained factor space chosen as candidate points for selecting a D-optimal design. The
black dots mark the 19-point design selected by the exchange algorithm.
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Table 2
Mixture variable coordinates in pseudocomponent x2% and orthogonal variable w1 systems, along with the measured response values
y1

w1 y1 (mg ml−1)w3Design points w2x1% x2% x3% x4%

1 −0.0771 0 1 0 0 −1 13.51
15.39−0.0770.5562 0.333 10.667 0 0

−1 0 −13 26.600 0.500 0 0.500
21.18−1−0.4444 0.333 10.167 0 0.500

−1 −0.167 15 23.260 0.417 0.583 0
−0.611 16 0.333 0.083 0.583 0 1 17.97

0.231−17 21.220 −10 0.583 0.417
−0.778 −0.69210 0.333 0 0.167 0.500 1 14.98

15.76−0.0770.77811 0.167 00.833 0 0
−1 0.5 −0.53812 22.020 0.750 0 0.250

0.462 19.0613 0.4170 −10.708 0.292 0
1 0.056 −0.53814 0.333 0.417 22.590 0.250

−0.028 0.46215 0.333 0.375 0.292 0 1 23.03
−0.538−0.517 26.750 −10.250 0.250 0.500

−0.889 −0.38524 0.167 0 0.333 0.500 0 16.92
18.880.077−0.77825 0.333 10 0.375 0.292

−1 −0.233 0.01526 25.790 0.383 0.333 0.283
20.030.4620.19429 0.167 00.542 0.292 0

0 −0.639 0.76931 0.167 0.125 19.700.583 0.125
26.520.015−0.32233 0.167 00.283 0.300 0.250

Among the D-optimal designs generated using
this algorithm, a 19-point design was selected
according to the minimum–maximum variance
(max var (ŷ)/s2) criterion which is one of the
most commonly used design statistics for this
purpose [6]. In Table 1, the 19 design points
(points 1–7, 10–15, 17, 24–26, 29, and 31) chosen
from the candidate list are marked by the symbol
(") and by black dots in Fig. 2. The overall
centroid of the polyhedron (design point 33) was
added to the experimental design in order to test
the model.

The polynomials fitted to the observed values
yi, shown in the last column of Table 2, are as in
Eqs. (4) and (5)

ŷ=23.28x1%+11.99x2%+15.20x3%+9.06x4%

+7.74x1%x2%−6.69x1%x3%+36.05x2%x3%

−3.17x1%x4%+65.07x2%x4%+32.14x3%x4% (4)

ŷ=23.97−2.12w1−3.85w2−2.35w3+0.43w1
2

−10.63w2
2−2.36w3

2+0.54w1w2+0.28w1w3

−3.93w2w3 (5)

It must be noticed that Eq. (4) is expressed in
terms of pseudocomponents xi%, and not in the
original variables xi. A linear transformation of
the variables, xi%= (xi−ai)/Ra, where ai is the
lower bound of the component i (i=1, 2, ...,
q) and Ra=1−�i=1

q ai, was performed in order
to obtain a more accurate estimation of the
mixture model parameters. In fact, when re-
straints on a blend composition are considered,
the ill-conditioning of the matrix X%X or
collinearity among the original variables often
lead to an incorrect least squares solution. One
of the possible remedies to this drawback is the
transformation of the original components to
pseudocomponents [7,8]. In Table 2 the mixture
variables are expressed in terms of pseudocom-
ponents xi% and orthogonal variables wi.

For the comparison of the two response
surfaces (Eqs. (4) and (5)), the corresponding
contour plots are shown in Figs. 3 and 4. In
order to represent the response evolution in a
bidimensional system, one of the variables was
to be kept constant. In this case, polye-
thylene glycol was fixed at two levels: x1=0
(Fig. 3(a) and Fig. 4(a)) and x1=0.20 (Fig.
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Fig. 3. (a) Contour plot in the restrained region for the mixture component system when x1=0; (b) contour plot in the restrained
region for the mixture component system when x1=0.20.

3(b) and Fig. 4(b)), respectively. It must be
pointed out that in the representation of the sur-
face contours in the orthogonal variable system,

the w2 axis corresponds to blend component x2,
whereas on the w3 axis both components x3 and
x4 are located.

Fig. 4. (a) Contour plot in the restrained region for the orthogonal variable system when w1= −1; (b) contour plot in the restrained
region for the orthogonal variable system when w1= +1.
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Table 3
Boundaries of the optimal region within the polyhedron, along
with the coordinates of point x0

Component bix0iai

Polyethylene glycol 0 0.50 0.10x1

0.400.300.20x2 Water
Propylen glycol 0.10 0.25 0.40x3

Ethanol 0.30 0.40 0.50x4

Fig. 5. Ellipsoid in the mixture space representing the maximal
region within the polyhedron.In Figs. 3 and 4, the lines joining the experi-

mental points mark the constrained region
wherein a similar depiction of the expected solu-
bility is obtained by both approaches. Formula-
tions along each contour, though representing
different excipient mixtures, should yield the same
solubility value predicted by the fitted model. On
the basis of these surface contours it was possible
to identify a maximal region where the blend
optimisation could be achieved.

3.2. Robustness of the formulation

The boundaries of the maximal region to be
explored for the robustness of the formulation
were defined according to the highest observed
values of solubility (design points 3, 17, 26 and 33

in Table 2). The definition of these boundaries
implied stricter constraints on mixture compo-
nents as reported in Table 3. This maximal region,
whose centre is point x0 (Table 3), can be repre-
sented in the mixture space by an ellipsoid (Fig. 5)
of the following form�x1−0.05

0.05
�2

+
�x2−0.20

0.10
�2

+
�x3−0.30

0.15
�2

+
�x4−0.20

0.10
�2

51 (6)

since, in the general q-component case, an ellip-
soidal region can be expressed as

Table 4
Doehlert design point coordinates zi with the corresponding mixture component proportions xi, along with the measured response
values yi

y1 (mg ml−1)x2 x3 x4Design point z1 z2 z3 x1

0.327 0.250 0.400 28.261 1 0 0 0.023
0.077 0.273 0.250 0.4002 −1 0 0 26.18

0.2760.027 28.660.296 0.40003 0.5 0.866
0.073 0.324 0.204 0.4004 −0.5 −0.866 0 28.35

25.620.4000.2040.3500.04605 0.5 −0.866
0.250 0.296 0.400 29.246 −0.5 0.866 0 0.054
0.289 0.238 0.443 29.207 0.5 0.289 0.816 0.031

0.069 0.311 0.262 0.3578 −0.5 −0.289 −0.816 28.15
0.357 27.150.043 0.2620.338−0.8169 0.5 −0.289

0.288 0.308 32.160.35710 0 0.577 −0.816 0.047
0.057 0.262 0.238 0.44311 −0.5 0.289 0.816 31.69

0.4430.1920.3120.053 27.640.81612 0 −0.577
0.300 0.250 30.560.40013 0 0 0 0.050

29.150.4000.2500.3000.050014 0 0
0 0.050 0.300 0.250 0.40015 0 27.990
0 0.050 0.300 0.250 0.40016 0 29.060
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Fig. 6. The transformation steps of ellipsoidal region to the unit spherical region, along with the corresponding experimental design.

%
q

i=1

�xi−x0i

hi

�2

51 (7)

where x0i represents the proportion of each mix-
ture component for point x0 and hi corresponds to
one half of the range of interest for component i.

In order to simplify the system, the ellipsoid
was transformed to a more familiar unit spherical
region so that a classical design could be adopted.
Among the most commonly used experimental
design, a Doehlert design was chosen. In Table 4,

the coordinates of the experimental design points
for both regions are shown, along with the ob-
served values of theophylline solubility. In Fig. 6,
the transformation steps of the ellipsoidal region
to the unit spherical region, and the correspond-
ing experimental designs are presented.

A classical second-degree model and a Scheffé
mixture polynomial were both fitted to the experi-
mental data collected at the Doehlert design
points. Both response surfaces turned out not to.
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be statistically significant and thus rejected. This
outcome might lead to the conclusion that the
solubility fluctuations observed within the maxi-
mal region were not due to the variation of mix-
ture composition and therefore that the
formulation could be considered ‘robust’ from
this point of view. However, further studies are
needed in order to ascertain the possible presence
of noise factors affecting the theophylline solubil-
ity in the considered four-component system.

4. Conclusions

In this study the application of a transforma-
tion to orthogonal variables for a mixture system
was introduced for the optimisation of the
theophylline solubility in a four-cosolvent blend.

The equivalence between this approach and the
one based on the classical mixture component
proportions was pointed out by comparing the
two response surfaces obtained using the two
strategies. The feasibility of employing a mathe-
matically independent variable system while deal-
ing with a mixture problem allowed a well-known
classical design for independent variables to be
used. A Doehlert design was run in order to
investigate in further detail the theophylline solu-

bility and the formulation robustness within the
maximal region found in the constrained factor
space.
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